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We investigate the effect of short-range spin-independent disorder on the chiral magnetic effect
(CME) in Weyl semimetals. Based on a minimum two-band model, the disorder effect is examined
in the quantum diffusion limit by including the Drude correction and the correction due to the
Cooperon channel. It is shown that the Drude correction renormalizes the CME coefficient by a
factor to a finite value that is independent of the system size. Furthemore, due to an additional
momentum expansion involved in deriving the CME coefficient, the contribution of Cooperon to the
CME coefficient is governed by the quartic momentum term. As a result, in contrast to the weak
localization and weak anti-localization effects observed in the measurement of conductivity of Dirac
fermions, we find that in the limit of zero magnetic field, the CME coefficients of finite systems
manifest the same scaling of localization even in three dimension. Our results indicate that while
the chiral magnetic current due to slowly oscillating magnetic fields can exist in clean systems, its
observability will be limited by suppression due to short-range disorder in condensed matters.
I. INTRODUCTION
The discoveries of graphene1,2 and topological
insulators3,4 have revived the interest of simulating rel-
ativistic particles in condensed matter systems. Af-
ter intensive studies in the past few years, it is now
realized that in 3D, materials in proximity to topo-
logical insulating phases may exhibit relativistic semi-
metallic phases5,6. Particularly, in the presence of the
time-reversal and inversion symmetries, 3D Dirac semi-
metals with four-fold degeneracy are realized as long
as certain crystalline symmetries are supplemented7–9.
The underlying quasi-particles in these materials simu-
late Dirac fermions without definite handness (or chi-
rality). It is further demonstrated recently in TaAs10,11
that by breaking either the inversion symmetry or the
time-reversal symmetry, the long-sought analogy of Weyl
fermions with definite chirality can be realized in con-
densed matters.
The Weyl semimetal is a new phase of materials in
which the energy dispersion of quasi-particles support
nodal points that result from splitting of Dirac nodes ei-
ther through the breaking of time-reversal symmetry or
inversion symmetry12,13. Due to the Nielsen-Nimomiya
theorem14, chiral fermions on lattice can not exist alone.
The net chirality due to all Weyl nodes must vanish.
Hence Weyl nodes must occur in pairs with opposite chi-
ralities. The non-vanishing chirality for each Weyl node
is the main source of the novel properties proposed in
the past for Weyl semimetals, such as anomalous Hall
effect and chiral magnetic effect (CME)15. In particu-
lar, it is known that while the total chirality due to all
Weyl nodes must vanish, the chiral current in a Weyl
semimetal is not conserved. This is well-known as the chi-
ral anomaly16. One of the peculiar consequences due to
the chiral anomaly is the prediction of a non-dissipative
persistent current, J, in parallel to the magnetic field
when the Weyl semimetal is placed in a static magnetic
field, B, i.e., J = αB. Here α is known as the CME coeffi-
cient or chiral magnetic conductivity and is proportional
to the energy separation between Weyl nodes. While in
the continuum model of Weyl Fermions, the CME effect
is generally found when an ultraviolet energy cutoff for
the linear energy dispersion is introduced. In condensed
matters on lattice, the cutoff is in the momentum space17.
As a result, the CME effect is generally absent in equi-
librium condensed matter systems17–19. Indeed, accord-
ing to a general argument19, the existence of a nonzero
equilibrium chiral magnetic current induced by a static
magnetic field at zero temperature would imply that one
can extract energy from ground state19. A no-go theorem
is also established showing that the equilibrium ground
state of a given system in the thermodynamic limit would
not be able to carry any current20. Hence in static mag-
netic fields, the ground state of condensed matter systems
would not support the CME effect.
On the other hand, according a derivation based on
the Kubo formula in the uniform limit, i.e., q = 0 be-
fore the frequency ω → 017, one obtains a non-vanishing
electric current in parallel the oscillating magnetic field.
Hence the CME effect exists in a slowly oscillating mag-
netic field that prevents equilibration of the system21–25.
More precisely, the CME current is in proportional to
the AC magnetic field, B(t) with J(t) = αB(t). Here the
CME coefficient α may depend the DC magnetic field
if in addition to the AC field, a static magnetic field is
applied. Note that for non-topological contribution, the
magnetic induced current has been termed as the gy-
rotropic magnetic effect22 and the CME coefficient is re-
lated to intrinsic magnetic moment. For Weyl semimetals
on lattice, the chiral magnetic current can be accounted
by non-vanishing Berry curvature when the energy dis-
persion deviates from the linear dispersion17.
While the CME effect may exist for condensed mat-
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2ters in slowly oscillating magnetic fields, so far, all of
the considerations focus on clean systems. Real systems
inevitably include disorder or impurities. It is thus neces-
sary to examine the effect of disorder on the CME effect.
Conventionally, because the chiral magnetic current is
due to the imbalance of chirality and the chirality of a
Weyl point is topologically stable against perturbations,
it is usually stated without proof that the chiral magnetic
current is topologically protected. However, from the
study of effects of disorder on conductivity, it is known
that in addition to the suppression of electric current due
to momentum scatterings by short-range disorder, inter-
ference due to quantum diffusion is also in presence and
can lead to the phenomena of weak localization (WL) or
weak anti-localization (WAL) that coexist with the phe-
nomenon of negative resistance26–29. Hence it is crucial
to examine the interference effect on the CME effect due
to quantum diffusion induced by short-range disorder.
In this work, based on a minimum two-band model of
the Weyl semimetal, we examine the disorder effect in the
quantum diffusion limit by extending the analysis on con-
ductivity due to short-range disorder. In particular, we
include the Drude correction and correction to the CME
effect due to the Cooperon channel. We find that while
the Drude correction renormalizes the CME coefficient
to a finite value, the dominant scaling contribution (in
terms of system size L) to the correction of the CME co-
efficient is due to the Cooperon channel. Furthermore, we
find that instead of making contribution through diffusive
propagation, the contribution of Cooperon to the CME
coefficient is governed by the quartic momentum term.
As a result, the finite size scaling of CME coefficient dif-
fers from that of the conventional conductivity. We find
that for intra-Wey-node channel, localization dominates
so that the CME coefficients of finite systems manifest
the same scalings as that in three dimension. Our results
indicate that disorder tends to suppress the chiral mag-
netic current that results from applied slowly oscillating
magnetic fields on Weyl semimetals. The observability
of the CME effect is thus limited by suppression due to
disorders in condensed matters.
This paper is organized as follows: In Sec.II, we de-
scribe the minimal two band model with short-range dis-
order for Weyl semimetals. The computation of the CME
coefficient due to short-range disorder is formulated. In
Sec.III, the contribution to the CME coefficient in quan-
tum diffusion limit is formulated. In Sec.IV, detailed cal-
culations of the quantum diffusive correction to the CME
coefficient are presented. Finally, in Sec.V, we conclude
and discuss the relevancy of our results to experiments.
II. THEORETICAL FORMULATION OF
CHIRAL MAGNETIC EFFECT
We start by considering a generic minimum model for
the Weyl semimetals with the Hamiltonian being given
by
H =
∑
kσσ′
hσσ
′
(k)c†kσckσ′ +H.C.. (1)
Here h(k) is a 2 × 2 matrix which can be generically
expressed in the form h(k) = (k)+d(k)·σ characterized
by (k) and d(k), where σi (ı = x, y, z) are three Pauli
matrices and k is the Bloch wave-vector for the electron
creation and annihilation operators c†kσ and ckσ. The
band energies for the generic model Eq.(1) are given by
Es(k) = (k) + sd(k), (2)
where s = ± and d(k) is the magnitude of the vector
d(k). In the simplest realization of the Weyl semimetal,
one extends the Qi-Wu-Zhang (QWZ) two-band model
on a cubic lattice to include two Weyl nodes. The Hamil-
tonian h(k) can be written as17,30
h(k) = tz cos kz + hso + hm (3)
with hso and hm being given by
hso(k) = λso (sin kxσ
x + sin kyσ
y + sin kzσ
z) (4)
hm(k) = (m+ 2− cos kx − cos ky)σz . (5)
It is important to note that the hopping along the z-
direction, tz cos kz, is the key term that controls the chi-
ral magnetic effect. In this model, the inversion sym-
metry is broken by the spin-orbit interaction hso, while
the time-reversal symmetry is broken by hm. Breaking
one of these symmetries leads the separation of the Dirac
node into two Weyl nodes. We shall focus on the case of
m = 0, in which the Weyl nodes emerge at C+ = (0, 0, 0)
and C− = (0, 0, pi)17. Since the hopping term tz leads to
an energy change of tz cos kz, it is clear that tz controls
the relative shifts of Weyl nodes at (0, 0, 0) and (0, 0, pi)
in energy and thus controls the chirality imbalance that
leads to the chiral magnetic effect. Specifically, the lin-
earized Hamiltonian around nodal points, C+ = (0, 0, 0)
and C− = (0, 0, pi), is given by
h(k) = ±tz + vFk± · σ, (6)
where k+ = (kx, ky, kz) and k− = (kx, ky,−kz) and vF =
λso is the Fermi velocity. Hence when the Fermi energy
F is zero, the energies of two Weyl points relative to F
are ±tz.
In the presence of electromagnetic fields, the linear re-
sponse of the induced current can be generally expressed
as
J i(q, ω) = Πij(q, ω)A
j(q, ω), (7)
where Πij is the retarded current-current correlation
function. On the other hand, the chiral magnetic effect
is the induced electric current in parallel to the applied
magnetic field and can be expressed as
J iCME(q, ω) = α(q, ω)B
i(q, ω)
= −iα(q, ω)ijkqkAj(q, ω), (8)
3where α is the CME coefficient. By comparing Eqs.(7)
and (8), it is clear that because the Levi-Civita tensor
ijk is antisymmetric in i and j, the CME coefficient is
determined by the anti-symmetric part of Πij
17,30. Hence
by choosing z as the direction of the current, the CME
coefficient is determined by the anti-symmetric part of
Πxy
17,30. After averaging over three directions of current,
the CME coefficient can be expressed as
α(q, ω) =
i
3q
(Πantixy (qzˆ, ω) + Π
anti
yz (qxˆ, ω) + Π
anti
zx (qyˆ, ω)).
(9)
In the clean limit and in a slowly oscillating magnetic
field, the CME coefficient is given by17
lim
ω→0
lim
q→0
α(q, ω)
=
e2
~
1
Ω
∑
k
∑
t=±
[
vk,+ + vk,−
2
·Ωk,t n0(t)F (k)
−1
3
t d(k) vk,t ·Ωk,t ∂n
0(t)
F (k)
∂Et
]
,(10)
where Ω± are Berry curvatures and n
0(t)
F is the Fermi-
Dirac distribution function for energy bands Et. In par-
ticular, one finds that α > 0 for tz > 0 and F = 0
17.
To include effects due to disorder, it is necessary to
perform the average over disorder. We shall assume
that the randomly distributed impurities are character-
ized by a Gaussian ensemble with a potential described
by 〈V (r)〉 = 0 and short-range correlation
〈V (r)αγV (r′)βδ〉 = γebαγβδ δ(r− r′). (11)
Here γe characterizes the strength of disorder. For spin-
independent potential impurities, bαγβδ is a unit 4 × 4
matrix. The perturbation theory can be developed to
compute the disorder-averaged physical quantities. Af-
ter averaging over disorder, the translational invariance
is restored and the CME coefficient is thus given by
α(q, ω) =
i
3q
〈Πantixy (qzˆ, ω) + Πantiyz (qxˆ, ω) + Πantizx (qyˆ, ω)〉.
(12)
III. QUANTUM DIFFUSIVE CORRECTION
To include the effect of disorder, we first note that
one of the important effects due to disorder observed in
the experiments on conductivity is the suppression or en-
hancement of the electric current via quantum interfer-
ence known as the phenomena of weak localization or
weak anti-localization in magnetoresistance26–29. Since
the Cooperon channel and related leading order chan-
nels are the dominant contribution in the scaling behav-
ior of conductivity in the phenomena of weak localiza-
tion or weak anti-localization, we shall therefore focus
(e) (f)
(d)
FIG. 1: Feymann diagrams for the disorder correction of the
CME coefficient. (a) Each solid line represents the Green’s
function with first order Born approximation. (b) The ver-
tex correction of the CME coefficient. (c) The correction
due to the ladder diagram for particle-particle channel with
the maximally crossed diagrams. The leading corrections of
the current-current correlation due to (d) the bare and (e)
& (f) two dressed Hikami boxes from the maximally crossed
diagrams. It turns out that two dressed Hikami boxes can-
cel each other out due to the anti-symmetric combination of
current-current correlation in the CME coefficient (see text
for details).
on the corrections due to the Cooperon channel in the
quantum diffusive regime. Other contributions (such as
vertex renormalization and Drude contribution) are also
included along with the derivation of the contribution
due to Cooperon .
To find the correction due to the Cooperon channel, we
shall start by considering the correction of the Green’s
function due to disorder. After averaging over disorder,
the unperturbed retarded Green’s function is corrected
by self-energy. The corrected Green’s function is repre-
sented diagrammatically by a solid line shown in Fig. 1(a)
and is given by
GR(k, ω) =
1
ω + F − hˆ(k) + iη
, (13)
where F is the Fermi energy and η is due to the self-
energy correction. We shall assume that η takes the form
given by the first-order Born approximation and is given
by31
η ≡ 1
2τe
= −ImΣR(k) = piN(¯F )γe, (14)
where τe is the life-time of the quasi-particle, Σ
R(k) is
4the self-energy, and N(¯F ) is the density of states at the
Fermi level relative to the Weyl node. When F = 0,
¯F = ±tz. One finds that
η =
γet
2
z
2piλ3so
. (15)
To calculate 〈Πantixy (q, ω)〉 perturbatively, three correc-
tions beyond the clean limits are included in the current-
current correlation as shown in Figs. 1(d), (e) and (f).
These corrections are the leading corrections due to the
Cooperon channel in computing dc conductivity based
on the Kubo-Streda formula27. As we shall see, however,
for the CME correction, two dressed Hikami boxes (e)
and (f) cancel each other out due to the anti-symmetric
combination of current-current correlation in the CME
coefficient In these diagrams, the current operator Jˆi is
corrected with the vertex correction shown in Fig. 1(b)
and is given by
[Jˆj(k+q)]νµ = [Jˆ
0
j (k)]νµ
+
1
V
∑
k′
[
Gα′α(k′)[Jˆj(k+q)]αβGββ′(k′+q)γebα
′µ
β′ν
]
,
(16)
where V is the volume of the system and Jˆ0j (k) is the
unperturbed current operator given by Jˆ0j (k) = − e~ ∂h(k)∂k
We shall show that the vertex correction contributes a
renormalization of Jˆ0 with Jˆi ∝ Jˆ0i in the low energy
limit.
The central block Γ shown in Figs. 1(d), (e), and (f)
is the summation of the particle-particle ladder diagram
shown in Fig. 1(c). This is the Cooperon channel with
the amplitude represented by Γ(Q+q). Here Q = k+k′
is the total momentum of the Cooperon and q is the ex-
ternal momentum coming from the external AC magnetic
field. The first correction (Fig. 1(d)) due to the Cooperon
channel can be expressed in terms of the Cooperon prop-
agator, Γ, weighted by a weighting factor, W , as follows29
〈Πantixy (qzˆ, iνm)〉
=
1
2βV 2
∑
n,k,k′
[
(GJˆxG)ν′µ(k, qzˆ; iωn, iνm)Γµµ
′
νν′ (k,k
′, qzˆ; iωn, iνm)(GJˆyG)µ′ν(k′, qzˆ; iωn, iνm)
]
− (x↔ y)
≈ 1
2βV 2
∑
n,k,Q
[
(GJˆxG)ν′µ(k, qzˆ; iωn, iνm)Γµµ
′
νν′ (Q, qzˆ; iωn, iνm)(GJˆyG)µ′ν(−k, qzˆ; iωn, iνm)
]
− (x↔ y)
=
∑
m
Tr
Wxy(qzˆ, iνm) 1
V
∑
Q
Γxy(Q, qzˆ)
 . (17)
Here νm is the Matsubara frequency. µ, µ
′, ν, ν′ are spin
indices. In going from the first equation to the second
equation, we have rewritten k and k′ as k + Q/2 and
−k + Q/2 and assumed that the contributions of Q ∼ 0
and iωn = 0 dominate so that Γ depends only on Q
and q. W is a weighting factor composed by four Green
functions and current operators
Wµ
′µ
ν′ν (q, iνm) =
1
2βV
∑
n,k
[
(GJˆxG)ν′µ(GJˆyG)µ′ν(k,q; iωn, iνm)
−(GJˆyG)ν′µ(GJˆxG)µ′ν(k,q; iωn, iνm)
]
, (18)
while Γ is the Cooperon propagator determined by the
equation
Γµµ
′
νν′ (Q,q; iωn, iνm)
= γeb
µµ′
νν′+γeb
µλ
νσ
1
V
∑
k
[
Gλλ′(k+Q+q, iωn+iνm)
×Gσσ′(−k, iωn)Γλ
′µ′
σ′ν′ (Q,q; iωn, iνm)
]
.
(19)
Since it is expected that Q ≈ 0 gives the largest contri-
bution, we shall use the linearized two-band model and
neglect the frequency dependent in Green functions to
capture quantum diffusive behavior of Γ in the low en-
ergy limit . Note that both W and Γ in Eq. (17) are
arranged into 4× 4 matrices by using the tensor product
basis {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉}.
5On the other hand, the contribution due to the dressed Hikami box, Fig. 1(e), can be expressed as
〈Π(e)xy (qzˆ, iνm)〉
=
γe
2βV 3
∑
n,k,k′,Q
{[
(GJˆxG)ν′δ(k, qzˆ; iωn, iνm)Gδµ(k + qzˆ, iωn + iνm)
×Γµµ′νν′ (Q, qzˆ; iωn, iνm)Gµ′δ′(−k + qzˆ, iωn + iνm)(GJˆyG)δ′ν(k′, qzˆ; iωn, iνm)
]
− (x↔ y)
}
=
∑
m
Tr
W¯ (e)xy (qzˆ, iνm) 1V ∑
Q
Γxy(Q, qzˆ)
 . (20)
Here µ, µ′, ν, ν′, δ, and δ′ are spin indices and summations
over repeated indices are taken. W¯ (e) is the correspond-
ing weighting factor composed by six Green functions and
current operators
W¯µ
′µ
ν′ν (q, iνm) =
γe
2βV 2
∑
δ,δ′,n,k,k′
[
(GJˆxG)ν′δ(k′, qzˆ, iωn, iνm)Gδµ(k + q, iωn + iνm)Gµ′δ′(−k′ + q, iωn + iνm)(GJˆyG)δ′ν(−k,q; iωn, iνm)
−(x↔ y)] . (21)
Similarly, because the dressed Hikami box, Fig. 1(f) is
the same as the dressed Hikami box, Fig. 1(e), after Jˆx
and Jˆy are exchanged and the wavevector q is reversed,
the dressed Hikami box, Fig. 1(f), contributes
〈Π(f)xy (qzˆ, iνm)〉
=
∑
m
Tr
W¯ (f)xy (qzˆ, iνm) 1V ∑
Q
Γxy(Q, qzˆ)
 . (22)
with the weighting factor W¯
(f)
xy (q, iνm) being given by
W¯
(e)
yx (−q, iνm). Clearly, for q = 0, it implies
W¯ (f)xy = W¯
(e)
yx = −W¯ (e)xy . (23)
Therefore, if the dominant contribution for the CME co-
efficient is from q = 0 (to be checked in below), two
dressed Hikami boxes, Figs. 1(e) and (f) cancel each other
out. In this case, the CME coefficient is determined by
W and Γ.
Given W and Γ with the analytic continuation in fre-
quency iνm → ω+i0+, the CME coefficient can be found
by the expanding 〈Πantiij (qkˆ, ω)〉 (ijk is the cyclic permu-
tation of xyz) in q
Πantiij (qkˆ, ω)≈ [W (0)ij (ω) + qW (1)ij (ω)][Γ(0)ij (ω) + qΓ(1)ij (ω)]
≈ q[W (0)ij (ω)Γ(1)ij (ω) +W (1)ij (ω)Γ(0)ij (ω)]. (24)
Here we have dropped the constant term as they get can-
celled in non-superconducting state. W
(n)
ij and Γ
(n)
ij are
coefficients to the qn term of Wij and
1
V
∑
Q Γij . Hence
the correction of the CME coefficient is obtained as
lim
q→0
∆α(q, ω) =
i
3
×∑
(ij)=xy,yz,zx
[W
(0)
ij (ω)Γ
(1)
ij (ω) +W
(1)
ij (ω)Γ
(0)
ij (ω)].
(25)
From Eq.(25), it is clear that in addition to the usual
term, Γ(0), that determines the weak localization/anti-
localization behavior of conductivity, the higher order
term, Γ(1), which is induced self-interacting Cooperon
diffusive mode, also contributes the correction of the
CME coefficient. As we shall show in below, Γ(0) and
Γ(1) propagates in different ways as
Γ
(0)
ij ∼
1
−iω+Q2+1/2τso (26)
Γ
(1)
ij ∼
1
(−iω+Q2+1/2τso)2 (27)
where τso is the relaxation time due to the spin-orbit cou-
pling. When the system is clean, one expects τso → ∞
and hence Γ(1)(ω = 0) ∼ 1/Q4 dominates in Eq.(25). As
6a result, the dominant contribution for the CME coeffi-
cient comes from Wij(q = 0, iνm) and W¯ij(q = 0, iνm).
This justifies the conclusion that two dressed Hikami
boxes, Figs. 1(e) and (f) cancel each other out. In addi-
tion, it implies that the scaling of δα on the system size
L is different from that of the conductivity. As we shall
see in below, the CME coefficient exhibits scaling similar
to the scaling of localization even in three dimension.
IV. CORRECTION OF THE CME
COEFFICIENT
In this section, we shall find how the CME coefficient
scales with the system size L by computing the correc-
tion of the CME coefficient due to short-range disorder
through calculating W and Γ. We first note that the
summation over the Matsubara frequency iωn in Eq.(17)
can be converted into a contour integral over ε (iωn → ε)
in the complex plane. After taking the analytic contin-
uation of the external Matsubara frequency iνn to real
frequency, ω + i0+, the main contributions come from
poles above or below the real axis: ε + i0+ or ε + i0−,
ε−ω+ i0+, or ε−ω+ i0−32. Therefore, near ω ∼ 0, the
ladder diagram in Eq.(19) contains combinations of re-
tarded (GR)and advanced (GA) Green’s function in the
same frequency: GRGA, GAGR, GRGR and GAGA. In
the weak scattering limit, after the integration of mo-
mentum is done, only GRGA and GAGR makes signif-
icant contribution31. Therefore, we take the analytic
continuation by setting iνm + iωn → ω + ε + iη and
iωn → ω−iη and replacing G(iωn+iνm,k) and G(iωn,k)
by GR(ω + ε,k) =
1
ω+ε+F−hˆ(k)+iη and GA(ω,k) =
1
ω+F−hˆ(k)−iη respectively. In addition, it is more con-
venient to express the Green’s function in terms of band
energies, Es, as
GR(ω,k) =
Pˆ+(k)
ω + F − E+(k) + iη
+
Pˆ−(k)
ω + F − E−(k) + iη , (28)
where Pˆs(k) =
1
2 (1 + s
d(k)·σ
|d(k)| ) is the projection operator
that projects states to two eigen-energies with s = ±17.
A. Vertex renormalization and the Drude
contribution
To cope with the contribution from the Cooperon chan-
nel, which concerns the Q → 0 limit, the most impor-
tant correction due to the vertex is obtained by taking
q → 0 in Eq.(16). This is similar to the semi-classical
diffusive correction that yields the Drude conductivity,
in which the vertex correction, when combined with the
non-crossing diagram, leads to the relaxation time cor-
rection. Hence, one expects that the vertex simply renor-
malizes the Fermi velocity in the leading order term28.
Specifically, in the low energy limit, we set iωn+iνm =
0. Eq.(16) becomes
[Jˆj(k+q)]νµ = [Jˆ
0
j (k)]νµ
+
1
V
∑
k′
∑
C=±
[
GCα′α(k′)[Jˆj(k+q)]αβGCββ′(k′+q)γebα
′µ
β′ν
]
+
1
V
∑
k′
∑
C¯,C=±
[
GC¯α′α(k′)[Jˆj(k+q)]αβGCββ′(k′+q)γebα
′µ
β′ν
]
.
(29)
Here C¯ and C are the indices that denote Weyl nodes C±.
We have separated the product GG as contributions by
inter-nodes (GC¯GC)and intra-nodes (GCGC). By taking
q = 0 in Eq.(29), we obtain
Jˆj(1− γeΛˇb) = Jˆ0j ,
(30)
where b is the corresponding matrix to bα
′µ
β′ν that describes
the correlation of disorder and is a 4× 4 unit matrix for
spin-independent disorders. Λˇ is the particle-hole propa-
gator. Since the total momentum of inter-node Fermions
does not vanish, the inter-node contribution drops and
hence Λˇ is given by
Λˇαα
′
ββ′ =
1
V
∑
k
∑
C=±
(GCα′α ⊗ GCββ′) (31)
Replacing G by GA or GR, Λˇ for intra-Weyl node (C+)
can be written as
Λ¯ =
1
V
∑
k
GTR⊗GA
=
1
4pi
∫
dΩ
∫ ∞
0
|k|2dk
∑
s,t=±
1
ω + ν+µ−Es+iη
× 1
ω+µ−Es−iη Pˆ
T
s (k)⊗ Pˆs(k),
(32)
where Pˆs(k) =
1
2 (1 + s
k·σ
|k| ) is the projection operator
for the Weyl node and s is the band index with eigen-
energies E±. Following Refs.[29,31], the integration over
the magnitude k is replaced by integrations over the en-
ergy ,
∫ Λ1
−Λ2 dN(F ), which can be then evaluated by
complex contour integrals. For k being close to (0, 0, 0),
one takes s = −; while for k being close to (0, 0, pi), one
takes one takes s = +. By setting ω = 0 and taking
the analytic continuation of the integration of k in the
complex plane and performing the angular integration,
we find
Λˇ = −2piN(F )τe
6
2 0 0 10 1 0 00 0 1 0
1 0 0 2
 .
(33)
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FIG. 2: Rernormalized total CME coefficient due to the
Drude correction. Here dash lines reproduce the CME co-
efficient α of Ref.[17] in the clean limit. Open circles are the
renormalized total CME coefficient with the Drude correction.
Similar analysis for the other Weyl node yields the same
result. By using the identity, 2piN(F )τe = 1/γe, the
vertex correction is given by
Jˆj

4
3 0 0
1
6
0 76 0 0
0 0 76 0
1
6 0 0
4
3
 = Jˆ0j ,
(34)
where Jˆj and Jˆ
0
j are arranged into vectors with 4 compo-
nents. Note that if we rearrange Jˆj and Jˆ
0
j back to 2× 2
matrices, Eq.(34) implies Jˆj(k) =
6
7 Jˆ
0
j (k).
The above vertex renormalization, when combined
with the non-crossing diagram, gives rise to the total
CME coefficient due to the Drude correction. Since
Jˆj(k) =
6
7 Jˆ
0
j (k), the CME coefficient is simply renormal-
ized by a factor 7/6 after including the Drude correction.
In Fig. 1, we show the total CME coefficient due to the
Drude correction. In comparion to the clean limit given
by Ref.[17], α gets renormalized by a factor 7/6 due to
disorders in the Drude correction. However, the Drude
correction is size-independent and and the total CME co-
efficient remains finite at the renormalized value. In the
following, we will show that for systems with larger sizes
L, the CME coefficient will get further suppressed by the
Cooperon channel.
B. Cooperon Propagator
The Cooperon propagator, Γ, can be found by solving
Eq.(19), which can be rewritten in a matrix form as
Γ
[
γ−1e b
−1 − 1
V
∑
k”
G ⊗ G
]
= 1. (35)
Hence Γ−1 = γ−1e b
−1− 1V
∑
k” G⊗G. To find the leading
orders of Γ, Γ(0) and Γ(1), we shall expand Γ−1 with
respect to q in different directions and keep the order of
q. The component of Γ−1ij corresponding to the direction
kˆ (q = qkkˆ)with i, j and k being cyclic permutations of
x, y, and z is given by
Γ−1ij (Q) = Aij(Q) + qkBij(Q). (36)
Following Ref.[29], by symmetrizing Q + q between two
Green’s function in Eq.(19), expanding the wave-vector
k± (Q + q) with respect to k to leading orders (O(Q2)),
and replacing G by GR or GA , we obtain
P ≡ 1
V
∑
k
GR(k+
Q˜
2
, iωn+iνm)⊗GA(−k+ Q˜
2
, iωn)
=
1
V
∑
k
1
G−1R (k)− Λ
⊗ 1
G−1A (−k)− Λ
≈ 1
V
∑
k
(GR +GRΛGR +GRΛGRΛGR)
⊗(GA +GAΛGA +GAΛGAΛGA),
(37)
where GR/A = G(ω,±k), Q˜ = Q + q and Λ = vF2 [Q˜ ·
σ]. Hence P is a summation of three contributions P =
P (0) + P (1) + P (2) with
P (0) =
1
V
∑
k
(GR⊗GA),
P (1) =
1
V
∑
k
[(GRΛGR)⊗GA+GR⊗(GAΛGA)] ,
P (2) =
1
V
∑
k
[(GRΛGRΛGR)⊗GA
+GR ⊗ (GAΛGAΛGA) +GRΛGR ⊗GAΛGA] .
(38)
To find P (n), we note that P is invariant under rotations.
Hence P (n) must be a combination of Q˜2, Q˜ · Sd, and
Q˜ · S with Sd = σ ⊗ 1 − 1 ⊗ σ and S = σ ⊗ 1 + 1 ⊗ σ
being the difference of spin and the total spin operators of
the Cooperon respectively. Consider the Weyl node C+,
by performing similar integrations as what were done in
Eqs.(32) and (33), we find
P (0) = − 1
6γe
1 0 0 00 2 −1 00 −1 2 0
0 0 0 1
 ,
(39)
while we find that
P (1) = − ivF τe
12γe
Q˜ · Sd, (40)
8and
P (2) =
v2F τ
2
e
60γe
[
−20Q˜21 + Q˜2S2 + 2(Q˜ · S)2
]
. (41)
Aij(Q) in Eq.(36) is then obtained by setting Q˜ =
Q and summing over P (0), P (1), and P (2). To obtain
Bij(Q), we set Q˜ = Q+qkˆ in P
(n) and keep O(q) terms.
For ij = xy and q = qzˆ, we find
Bxy(Q) =
v2F τ
2
e
30γe
[−20Qz1 +QzS2+
(Q · S)Sz + Sz(Q · S)] . (42)
To obtain Γij , it is more convenient to use the singlet-
triplet basis of the total spin, {|S = 1, Sz = 1〉, |S =
1, Sz = 0, 〉, |S = 1, Sz = −1〉, |S = 0〉} by performing a
similar transformation on Aij(Q) and Bij(Q) with|1, 1〉|1, 0〉|1,−1〉
|0, 0〉
 =

1 0 0 0
0 1√
2
1√
2
0
0 0 0 1
0 1√
2
− 1√
2
0

|↑↑〉|↑↓〉|↓↑〉
|↓↓〉
 ≡ S
|↑↑〉|↑↓〉|↓↑〉
|↓↓〉

(43)
Under this basis, Axy(Q) and Bxy(Q) (replaced by
S−1Axy(Q)S and S−1Bxy(Q)S) are given by
Axy(Q) =
2
γe
1− 2
3γe
13 + i
λ2
12
Q · Sd
+
λ3
20
[
20Q21− 8Q213 − 2(Q · S)2
]
(44)
and
Bxy(Q) = i
λ2
12
Szd +
λ3
10
[20Qz1− 8Qz13
− (Q · S)Sz − Sz(Q · S)] , (45)
where λ2 = vF τe/γe, λ3 = τeD/γe with D = v
2
F τe/3
being the diffusion constant and relevant matrices are
given by
13 =
1 0 0 00 1 0 00 0 1 0
0 0 0 0
 ,
Q · Sd = 
0 0 0 −√2Q−
0 0 0 2Qz
0 0 0
√
2Q+
−√2Q+ 2Qz
√
2Q− 0
 ,
(46)
and
Q · S =

2Qz
√
2Q− 0 0√
2Q+ 0
√
2Q− 0
0
√
2Q+ −2Qz 0
0 0 0 0
 ,
(47)
with Q± = Qx ± iQy. Similarly, we find Ayz(Q) =
Azx(Q) = Axy(Q), while for Byz and Bzx, we find that
(Qz, Sz) in Bxy is replaced by (Qx, Sx) and (Qy, Sy)
respectively.
The total intra-node Cooperon propagator for the
node C+ can be obtained from Eq.(36) as Γ(Q) '
A(Q)−1 − qA(Q)−1B(Q)A(Q)−1. After performing in-
tegration over angles and keeping terms up to O(Q2), we
find
Γ(0)xy (Q) =

Γ
(0)α
T 0 0 0
0 Γ
(0)β
T 0 0
0 0 Γ
(0)α
T 0
0 0 0 Γ
(0)
S
 , (48)
where the coefficients are given by
Γ
(0)α
T =
piγe
λ2
[
α
Q2 + λ′−2
+
β
Q2 + λ−2
]
,
Γ
(0)β
T =
3piγe
4λ2
1
Q2 + λ−2
,
Γ
(0)
S =
piγe
2λ2
1
Q2 + λ−2
. (49)
Here α ≈ 9.29 and β ≈ 4.21. λ−2 = 7680/[719(vF τe)2]
and λ′−2 = (719/384)λ−2 are the induced gaps due
to the spin-orbit interaction. λ is the characteristic
spin-relaxation length scale for the propagation of the
Cooperon.
Similarly, for other components, the equality,
Ayz(Q) = Azx(Q) = Axy(Q), implies that Γ
(0)
yz (Q) =
Γ
(0)
zx (Q) = Γ
(0)
xy (Q). On the other hand, after performing
integration over angles and keeping terms up to O(Q2),
we find
Γ(1)xy (Q) = Γ
(1)
xy,T
0 0 0 00 0 0 i0 0 0 0
0 i 0 0
 , (50)
where the coefficient is given by
Γ
(1)
xy,T = −
√
15
1438
piγe
4λ3
1
(Q2 + λ−2)2
.
(51)
Similar calculations show that
Γ(1)yz (Q) = Γ
(1)
yz,T
0 0 0 i0 0 0 00 0 0 −i
i 0 −i 0
 ,
Γ(1)zx (Q) = Γ
(1)
zx,T
 0 0 0 10 0 0 00 0 0 1
−1 0 −1 0
 , (52)
where the coefficients are given by
Γ
(1)
yz,T = Γ
(1)
zx,T ≡ Γ(1)T =
√
15
719
piγe
8λ3
1
(Q2 + λ−2)2
(53)
9Similar calculation can be carried out for the Weyl node
C−. Due to its different helicity, we find that Γ(0)(Q) is
the same, while Γ
(1)
xy (Q) is opposite in sign. As a result,
Γ
(1)
xy (Q) gets cancelled.
Finally, because the total momentum of two electrons
near the same Weyl node C± is close to Q ∼ 0 (or 2pi),
the intra-node Cooperon is dominated by Q ∼ 0 as de-
scribed in the above. However, for the Cooperon channel
composed by inter-node Fermions., the total momentum
is around Q ∼ (0, 0, pi). Hence there is no contribution
for Q ∼ 0. The contribution due to Cooperon channel
is thus determined by Eq.(25) with Γ(0) being given by
Eqs.(48) and (49) and Γ(1) being given by Eqs.(52) and
(53).
V. NUMERICAL RESULTS
From Eq.(25), the correction to the CME coefficient
due to the Cooperon channel is determined by Γ(0) and
Γ(1). It is clear from Eqs. (48), (49), (52) and (53) that in
the limit Q → 0, Γ(0) ∼ 1/Q2 while Γ(1) ∼ 1/Q4. Since
the correction of the Cooperon channel is proportional to
the integral over Q, the dominant contribution is given
by
∆α =
2i
3
∫
Q2dQ
(2pi)3
Tr
[
W (0)yz Γ
(1)
yz +W
(0)
zx Γ
(1)
zx
]
,
(54)
where the weighting factorsW
(0)
ij are derived in Appendix
A and need to be computed numerically by using Eqs.
(A7) and (A8).
The contribution of the propagator, 1(Q2+λ−2)2 , to the
CME coefficient results in different scaling behaviors
from those for conductivity. Similar to the scaling anal-
ysis done on the conductivity, it is useful to analyze the
change of the CME coefficient versus the system size by
defining the β function as
βCME =
d ln |∆α(L)|
d lnL
. (55)
The β function is the characteristic function that deter-
mines how the CME coefficient scales with the system
size. When α∆α < 0 (i.e. for positive α, ∆α < 0), if the
β function is positive (i.e., d∆α/dL < 0), the quantum
correction exhibits localization behavior and the CME is
suppressed in bulk Weyl semimetals. On the other hand,
when α∆α > 0 (i.e. for positive α, ∆α > 0), if the β
function is positive (i.e., d∆α/dL > 0), the quantum cor-
rection exhibits anti-localization behavior and the CME
is enhanced in bulk Weyl semimetals.
To find the scaling behavior of the CME coefficent, it
is important to know that there are three characteristic
length scales that determine the quantum correction of
the CME coefficient: mean free path l, the system size L
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FIG. 3: Correction of the CME coefficient due to the
Cooperon channel, ∆α (in unit of e
2λso
~ ), due to short-range
disorder. (a) sgn(α) ∆α versus tz for different γe in the in-
termediate region l < λ < L. (b) log10 |∆α| versus disorder
strength γe for different tz. Here λso = 1, T = 0.001, F = 0,
l = 100, and the system size L/a = 107 with a being the
lattice constant.
or phase coherent length, and the spin-relaxation length
λ as
∆α ∝
∫ l−1
L−1
dQQ2
1
(Q2 + λ−2)2
=
{
L
2[1 + (L/λ)2]
− l
2[1 + (l/λ)2]
+
λ
2
[
tan−1(
λ
l
)− tan−1(λ
L
)
]}
. (56)
In the clean limit with l < L  λ, i.e., the spin-
relaxation length is larger than system size, the con-
tribution of Cooperon diverges due to the the infrared
divergence in the integration of 1/Q4 terms. The domi-
nating quantum interference is proportional to L, which
shows that the quantum correction is linearly propor-
tional to the effective system size. Hence the quantum
correction due to the Cooperon channel eventually wins
over the Drude contribution. On the other hand, when
l < λ < L, the spin-relaxation due to impurities can no
longer be neglected. In this intermediate region, the in-
tegration over Q is finite, leading to a finite correction to
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FIG. 4: (a) Transition behavior of log10 |∆α| from the inter-
mediate region, l < λ < L, to the clean limit l < L  λ.
Here tz = 0.1, λso = 1, T = 0.001, F = 0, and l = 100. The
clean limit, γe = 10
−6, exhibits the scaling behavior with
∆α ∝ −(L/a). (b) log10 |∆α| versus logL/a for different tz.
It is seen that βCME is always positive and approaches zero
for larger systems. Here γe = 0.001, λso = 1, T = 0.001,
F = 0, and l = 100.
the CME coefficient. Finally, when the spin-relaxation
length is shorter than the mean free path, λ . l < L, the
quantum correction is absent.
By including the weighting factor and the summation
over 4 Green’s fucntions as derived in Appendix A, the
correction of the CME coefficient is computed numer-
ically. In Fig. 3(a), we show sgn(α)∆α versus tz for
kBT = 0.001 with different scattering strengths in the in-
termediate region l < λ < L. Since α > 0, it is seen that
∆α is always negative, indicating the suppression of the
CME coefficient due to short-range disorder. Fig. 3(b)
shows how log |∆α| depends on the disorder strength γe
for different tz. In the intermediate region l < λ < L
(larger γe), the scale factor of ∆α increases with λ as
indicated in Eq.(56). Since λ increases as γe decreases,
we find that cleaner systems with smaller γe get larger
corrections in the CME coefficient. On other hand, when
γe approaches zero, finite systems are in the clean limit,
l < L  λ, so that the scale factor no longer depends
on λ. In this case, all systems with different tz behave
in the same way as indicated in Fig. 3(b) so that cleaner
systems with smaller γe get smaller corrections in the
CME coefficient, in consistent with the previous result17
when tz = 0, there is no chiralilty imbalance and hence
α = ∆α = 0.
To explore the βCME function, log10 ∆|α| versus
log10 L/a for different parameters are computed in Fig. 4
(a) and (b). It is seen that βCME (the slope) is always
positive and approaches zero for larger systems. Since
α > 0 and ∆α < 0, it exhibits the scaling behavior of
localization for the CME coefficient. Furthermore, Fig. 4
(a) and (b) show that the transition from the intermedi-
ate region to the clean limit can be achieved by changing
either γe or tz. In Fig. 4(b), γe is fixed to 0.001 and
the transition occurs by changing tz. Clearly, we see
that strong suppression of the CME coefficient occurs at
tz = 0.01, in which βCME ∼ 1 and hence the correc-
tion, ∆α ∝ −(L/a), grows. Therefore, in the region with
small tz, the Weyl semimetal is in the clean limit with
l < L λ (cf. Eq.(15)). In this region, the CME coeffi-
cient is strongly suppressed by the quantum interference
effect induced by short-range disorder.
VI. DISCUSSION AND CONCLUSION
In conclusion, we have investigated the effect of short-
range spin-independent disorder on the chiral magnetic
effects in Weyl semimetals. While the disorder effects
on the usual conductivity in Weyl semimetals is de-
termined by the longitudinal part Πii of the linear re-
sponse, the disorder effect on the CME coefficient is de-
termined by the anti-symmetric combination of trans-
verse (off-diagonal) components. The effects of disor-
der on conductivity include Drude-like contribution and
weak localization effect and are analyzed based on the
Kubo-Streda formula29,32, in which the expansion in fre-
quency is essentially involved due to that the electric
field is related to the vector potential via ~E = −∂ ~A∂t .
In this approach, the main contribution to the con-
ductivity comes mainly from electrons near the Fermi
surface. It is demonstrated27 that by including the
first weak-localization correction and two dressed Hikami
boxes shown in Fig. 1, the conductivity exhibits weak-
localization or weak-anti-localizaiton effects as observed
in experiments27,28. On the other hand, as indicated in
Eq.(12), the determination of the CME coefficient in-
volves an additional momentum expansion due to that
the magnetic field is related to the vector potential via
~B = ∇ × ~A. In addition, the contribution of the dis-
order effect on the CME coefficient does not just come
from electronic states near the Fermi surface. Hence the
Kubo-Streda formula is not applicable. Furthermore, due
to the anti-symmetricity of the contribution to the CME
coefficient, two dressed Hikami boxes cancel each other
out and only the first weak-localization correction con-
tributes the correction.
By including the Drude corerction and computing thhe
contribution due to the Cooperon channel from all elec-
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tronic states via the weighting factor W , we find that
while it was show that the CME effect can exist for
Weyl semimetals in slowly oscillating magnetic fields,
the CME coefficient will be suppressed by short-range
spin-independent disorder. Specifically, our result shows
that the quantum interference induced by short-range
disorder does not contribute the diffusive propagation,
1/(Q2 + 1/τ) through the Cooperon channel in the CME
coefficient. Instead, due to the additional contribution of
the wave-vector to the Cooperon propagator in the mo-
mentum expansion in computing the CME coefficient,
the Cooperon channel contributes the CME coefficient
through the quartic-momentum term, 1/(Q2 +1/τ)2. As
a result, we find that the CME coefficients of finite sys-
tems manifest scaling behavior similar to scaling of lo-
calization even in three dimension. In particular, we find
that when the separation of Weyl nodes is small, scaling
of localization dominates and the CME coefficient is sup-
pressed. While the conventional view believes that the
transport properties originated from topology are pro-
tected and robust against disorder, our analyses indicate
that the chiral magnetic current can be suppressed by
quantum interference due to quantum diffusion. Hence
both the chiral anomaly and the quantum interference
induced by short-range disorder play crucial roles in the
chiral magnetic effect. Our work clarifies the role of dis-
order in the chiral magnetic effects and should be of help
for future investigation of elated effects in Weyl semimet-
als and other nodal materials.
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Appendix A: Evaluation of Cooperon Weighting
Factors W
The Cooperon channel is the Cooperon propagator
weighted by W respectively. In this Appendix, we derive
the formulation of the weighting factors W for comput-
ing the CME correction. According to Eq.(25), we need
to expand W as
Wµ
′µ
ν′ν (q) uW
(0)µ′µ
ν′ν + qW
(1)µ′µ
νν′ . (A1)
The formal expression of W is given by Eq.(18) with the
explicit expressions for GJˆG being given by
(GJˆiG)ν′µ =
Gν′σ(k; iωn)Jˆσσ′i (k)Gσ′µ(k+q; iωn+iνm),
(GJˆjG)µ′ν =
Gµ′λ(−k; iωn)Jˆλλ′j (−k)Gλ′ν(−k+q; iωn+iνm),
(A2)
To get the expansion of W , we expand the Green’s func-
tions as
G(k + q, iωn + iνm) = G + Gq · ∇h(k)G + · · · ,
G(k + q, iωn) = G + Gq · ∇h(k)G · · · , (A3)
where ∇h(k) is the gradient of Hamiltonian in Eq. (1).
The summation over spin indices can be extracted out
by using Eq.(28) to express the Green’s function so that
the spin part of W can be expanded as
(PˆwJˆiPˆv)νµ′(−k + q) = [Nˆwv(0)i ]νµ′(−k)
+ q[Nˆ
vw(1)
i ]νµ′(−k) + · · · ,
(PˆsJˆjPˆt)µν′(k + q) = [Mˆ
st(0)
j ]µν′(k)
+ q[Mˆ
st(1)
j ]µν′(k) + · · · . (A4)
Here Pˆn are projection operators with n = s, t, v or
w being band indices. ν, ν′, µ and µ′ are spin indices.
By substituting the above expressions into Eq.(18), the
weighting factor W consists of a product of four Green’s
functions. To evaluate the frequency sum of the product
of four Green’s function, we first replace the frequency
summation by a contour integral and take the analytic
continuation to the real frequency, iνm → ω + iδ with
limω→0. We obtain32
I ≡ 1
β
∑
n
Gv(−k, iωn)Gw(−k, iωn+iνm)Gs(k, iωn)Gt(k, iωn+iνm)
= −2
∫ ∞
−∞
dε
2pi
nF (ε)
{
Im[GvR(−k, ε)GsR(k, ε)]GwR(−k, ε+ iδ)GtR(k, ε+ iδ) + Im[GwR(−k, ε)GtR(k, ε)]
×GvR(−k, ε− iδ)GsR(k, ε− iδ), } (A5)
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where Gn is the exact Green’s function and GnR is the
retarded Green’s function of the energy band with n = ±.
We shall approximate GnR by
GnR =
1
ε− En + F + iη ' ReG
n
R − ipiδ(ε− En + F).
(A6)
Substituting Eq.(A6) into Eq.(A5), we obtain
I =
1
2
{
nF (Es − F )( 1
Es− Ev+iη +
1
Es− Ev−iη )
1
Es− Ew+iη
1
Es−Et + iη
+nF (Ev − F )( 1
Ev− Es+iη +
1
Ev− Es − iη )
1
Ev− Ew+iη
1
Ev−Et + iη
+nF (Et − F)( 1
Et− Ew+iη +
1
Et− Ew − iη )
1
Et− Ev+iη
1
Et−Es + iη
+nF (Ew − F )( 1
Ew− Et+iη +
1
Ew− Et − iη )
1
Ew −Ev +iη
1
Ew −Es +iη
}
,
(A7)
where nF is the Fermi-Dirac distribution function. By
combing Eqs.(A4) and (A7) with Eq.(18), the weight fac-
tor W (0)µµ
′
νν′ can be expressed into the following forms
[
W (0)xy
]µµ′
νν′
=
e2
~2
R1 0 0 00 R2 R3 00 R4 R5 0
0 0 0 R6
 ,
[
W (0)yz
]µµ′
νν′
=
e2
~2
 0 R7 R8 0R9 0 0 R10R11 0 0 R12
0 R13 R14 0
 ,
[
W (0)zx
]µµ′
νν′
=
e2
~2
 0 R15 R16 0R17 0 0 R18R19 0 0 R20
0 R21 R22 0
 ,
(A8)
where Rn with n = 1, 2, 3, · · · , 22 are non-vanishing ele-
ments determined by Nˆ
0)
i and Mˆ
(0)
i .
Similarly, the linear q term of the weighting factor is
given by
W (1)µµ
′
νν′ =
1
3βΩ
∑
n,k
[
(GJˆyG)νµ′(G∇ · h(k)GJˆxG)µν′(k; iωn, iνm)
+(GJˆyG∇ · h(k)G)νµ′(GJˆxG)µν′(k; iωn, iνm)
]
−(x↔ y)
=
1
3Ω
∑
k
∑
stvwr=±
[
[Nˆvw(0)x ]νµ′⊗ [Mˆ ts(1)y ]µν′ − (x↔ y)
]
× 1
β
∑
n
(GvGw)(GrGsGt)(k; iωn, iνm)
+
1
3Ω
∑
k
∑
stvwr=±
[
[Nˆvw(1)x ]νµ′⊗ [Mˆ ts(0)y ]µν′ − (x↔ y)
]
× 1
β
∑
n
(GvGwGr)(GsGt)(k; iωn, iνm).
(A9)
Following the same procedure, W (1)µµ
′
νν′ can be obtained.
However, according to Eq.(25), W (1) couples to Γ(0).
Hence W (1) contributes a sub-leading term, 1/Q2, and
can be neglected.
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